The cross-section for the inelastic scattering of electrons by atomic nuclei is calculated assuming the process to arise from the electromagnetic interaction between electrons and protons. For fast electrons scattered by cadmium the cross-section so obtained is in fair agreement with recent experimental estimates. Difficulties, due to the failure of Born's approximation, arise when an attempt is made to apply the theory to the explanation of the electron excitation curves recently observed by Wiedenbeck.
The purpose of this paper is to attem pt the calculation of the cross-section of the inelastic scattering of electrons by nuclei. This process may be symbolically repre sented by the equation
e + (Z,A)->e' + (Z ,A )* (1)
where e and e' denote the incoming and the scattered electrons respectively and (Z, A ) denotes a nucleus of atomic weight A and atomic number Z. The asterisk denotes an excited state of the nucleus. The process is assumed to arise from the electromagnetic interaction between the electron and the nuclear charge. For the determination of this cross-section we shall make use of the relativistically invariant theory of the retarded interaction of two charged particles developed by Moller (1931) .
The only alternative interaction between electrons and nuclei capable of leading to a process of this kind is that derived on the basis of the Fermi theory of /?-decay. Since in the Fermi theory the first order process corresponds to the transformation of an electron into a neutrino (charge is conserved by the simultaneous transforma tion of a proton into a neutron), inelastic scattering must be a second order process. For the mere excitation of nuclei, however, the first order process will already give a non-vanishing result. The cross-section of this process of approximately 10~40 cm.2 is doubtlessly too small to account for the observed cross-sections for electronic excitation. The second order process, on the other hand, leads into the well known divergence difficulties (for energies for which the first order process is allowed). With a suitable cut-off procedure, however, the cross-section corresponding to the second order process may be estimated as 10"64 cm.2 where the factor 10-24 against the first order process is due to the square of the 'fine structure constant' corre sponding to the neutrino-theory.
The actual method applied for the calculation of the cross-section is based on the use of a formula derived by Bethe (1932) from the Moller theory. This derivation, [ 344 ] however, is based on Born's approximation method and thus restricts the applic ability of its results to large energies of both incoming and outgoing electron and small atomic numbers. In order to simplify the calculation it is necessary to expand the integrand of certain matrix elements in powers of the nuclear radius divided by the wave-length which corresponds to the change of momentum of the electron. This simplification, which has the advantage of allowing us to compute cross-sections in terms of known experimental data, as dipole and quadrupole moments, restricts the applicability of the theory to electron-energies below approximately 50 MeV for medium nuclei.
The analysis of this paper has been carried out for electric dipole, electric quad rupole and magnetic dipole transitions. In the case of the electric dipole the crosssection comes out to be given by equation (27) below. Apart from a trivial numerical discrepancy this formula is identical with th at used by Mamasachlisov (1943) for the determination of the cross-section of the electronic disintegration of Be9. | The corresponding formulae for the cases of electric quadrupole and magnetic dipole transitions are equations (35) and (40) below. In all cases, the cross-section is a monotonic increasing function of the kinetic energy, as shown in figures 1 and 2.
This appears to be due to the assumption of vanishing nuclear charge necessary to safeguard the applicability of Born's approximation. The electrons are repre sented by plane Dirac waves and the influence of the central Coulomb field is neglected. This seems to be a good approximation for high energies but certainly fails near the threshold. This may be seen in the following way: The main con tribution to the cross-sections comes from those parts of the incoming and outgoing electronic wave which are within a sphere with a radius equal to the wave-length corresponding to the change of momentum and the nucleus as centre. The wave function of the outgoing electron will be violently wrong within a sphere in which its kinetic energy due to the Coulomb attraction is equal or larger than its kinetic energy a t infinity. The radius of this sphere is
where Ekln is the kinetic energy of the electron, and the condition for the applic ability of Born's approximation is r* A, where A is the wave-length corresponding to the change of momentum of the electron. The theory will, therefore, be unreliable in the region ^ k in< 2^137 CP' where p i s the momentum of the incoming electron corresponding to the excitation energy of the nucleus. For an atomic number in the neighbourhood of 50 and for p ~ 3 me the critical kinetic energy is approximately 70 kV.
This breakdown of the method of approximation is well known to be responsible for the interesting anomalies in the electron excitation curves of optical transitions (Massey & Mohr 1931) . Its effect in this analogy is a very rapid increase in the excita tion curve near the threshold leading to a maximum, the width of which is roughly determined by the wave-length of the scattered electron. In the optical case, how ever, the effect is complicated by exchange phenomena.
We do not attem pt to calculate this feature of the excitation curves in the present paper. In the limit of low energies it would be a sufficiently good approximation to treat the nuclear transition as a point dipole or quadripole but a better treatm ent of the electron wave function would, of course, be required. We would merely point out that an increase of the cross-section as compared with th at determined by Born's approximation is to be expected. Formulae (27) , (35) and (40) have the common feature that the cross-section as a function of the energy of the scattered electron increases like F£ln>. As an indication of the order of magnitude of the correction due to the effects of the Coulomb field around the nucleus we may multiply the crosssection by a Gamow factor
where /? is the velocity of the outgoing electron with c as unit. (This factor gives the value of the modulus of the wave function in a Coulomb field which asymptotically behaves like a plane wave with unit amplitude.) The influence of this correction is to make the excitation curve start with a constant value from the threshold, which under suitable conditions might lead to a peak of the excitation curve. We have indicated this possible behaviour of the curve by the dotted line in figure 1. I t will be noticed that the width of the peak corresponds to the critical energy defined by the breakdown of the Born approximation.
The formulae for the cross-sections outside the critical region involve quantities which can be calculated readily by the use of the liquid-drop model of the nucleus. In this model the electric and magnetic dipole moments vanish and only quadrupole and higher electric transitions are possible. The cross-section for electron excitation of quadrupole transitions in cadmium calculated in this way is, however, roughly 200 to 2000 times larger than the value estimated experimentally, but the disagree ment is not too serious when we consider the limitations inherent in the use of the liquid-drop model.
G e n e r a l t h e o r y
We wish to calculate the cross-section for the process described by equation (1). If we denote the energy of the incident electron by ewe2, where w is the mass of the electron, and that of the scattered electron by e'rac2, then the conservation of energy gives e = e' + A + T,
where Awe2 is the excitation energy imparted to the nucleus and Tmc2 is the energy of recoil of the nucleus. Similarly if pwc, p'mc are the momenta of the incident and scattered electrons and kmc is the momentum of the recoiling nucleus we obtain from the conservation of momentum the relation so th at we may omit T in equation (2) as long as | k | is not too large. Physically this where r0 = 2*8 x 10-13 cm. is the radius of the electron and d(o is the element of solid angle into which the electron is ejected after inelastic scattering. The quantity P is defined by the equation where p and pe are the transition densities of the scattering and the scattered particles (that is the protons and the electrons) and j and j e are the corresponding currents measured with e as unit. The summations in equation (4) have to be carried out over the spins of the initial and final states of the electron, and | P| 2 denotes the mean value of | P| 2 over all initial The factor 2 which occurs in equation (4) replaces Bethe's factor 4 which differs from th at occurring in our notation because of the fact, th at Bethe has to average over the spins of the final state whereas we sum over these spins in order to preserve a certain degree of symmetry between the incident and scattered electron.
Since the process under consideration is due to electrons passing fairly far outside the nucleus we may represent the electrons by plane waves, so th a t In these equations u denotes the spin amplitude and a is the vector formed by the Dirac operators < xx, < xy, az. I t should also be noted th at the distance r is measured with the Compton wave-length (137 r0) as unit.
The calculation of the total cross-section may be divided)into three parts: the calculation of the average over the orientation of the nucleus, the spin summations and finally the integration over the directions of p'. In order to carry out the first two steps of the calculation we note th at the quantities p and j are not independent of one another. If we write
Now if
M A is the mass of the nucleus the relation between the energy and momentum
infers th a t the nucleus is capable of absorbing any amount of momentum without affecting the energy balance.
Bethe has calculated the cross-section for inelastic processes, which according to Moller's theory may be written in the form
pe -w'*wei(k-r) = a0ei(kr), j e = u'*auei< Ja) -aei(k-r).
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we may make use of the continuity equation 
Substituting from equation (8) into equations (6) and (5) we obtain AP = {(a0k -Aa) J},
where the product involved is a scalar product. Writing for simplicity s {<T,cr') = a0k -Aa0
and putting 2 £ s * s
where now the product on the left-hand side of the equation is dyadic, we obtain from equation (9) A2S S | F |2 = ( J * .£ .J ) .
<r or'
I t follows from its definition (11) th at the quantity is a Hermitian tensor in threedimensional space, i.e. S*j = S^.The evaluation of the tensor and will be carried out in the next section. The averaging over the initial orientations of the nucleus is a much more difficult problem; consequently we do not attem pt to develop the general theory but instead restrict ourselves to certain simplified cases.
These simplifications arise in the usual way from the expansion of ei(k-r) in powers of ( k . r). The use of this expansion is equivalent to assuming th at ( k . r ) < 1 within the nucleus. This simplification restricts the applicability of our results to energies below 70MeV. On the other hand it has the advantage of allowing us to relate cross-sections to other experimental data. The range beyond 70MeV becomes accessible by the assumption of a free particle model for the nucleus; this is the procedure generally adopted when the de Broglie wave-length of the incident particle is comparable with the dimensions of the nucleus. In this range the excitation of the nucleus to discrete energy-levels is of less importance than processes involving the emission of a heavy particle from the nucleus. A special case of this type-the electronic disintegration of Be9 with the emission of a neutron near the threshold of this process-has been considered by Mamasachlisov (1943) . The general theory of such processes will btf discussed in a later communication.
The special cases which we shall treat by this method are: (i) electric dipole transitions; (ii) electric quadrupole transitions; (iii) magnetic dipole transitions.
In the electric dipole case the vector J is defined by J
and in the cases of the electric quadrupole and magnetic dipole it is defined by
where the tensor T is given by the formula iAT7 J j r d r ,
where the product of the vectors j and r is dyadic. In the case of electric quadrupole transitions T must be a symmetric tensor. We restrict ourselves to the case in which
Ti n a suitable sy to the form (16) where r is the electric quadrupole moment of the transition with 1372r § as unit. On the other hand for magnetic dipole transitions the tensor T is antisymmetric; we consider the case (17) where fi is the magnetic dipole moment of the transition with 1372r §/c as unit.
I t should be observed th at the choice of the tensor T cannot be made arbitrarily but must be such as not to be in contradiction to the conditions the first of which expresses the orthogonality of the wave functions of the initial and final state of the nucleus, and the second of which expresses the impossibility of electric dipole transitions. I t may be verified th at the choice (16) and (17) of the tensor T fulfills these conditions.
D e t e r m i n a t i o n o f t h e t e n s o r S
From the definition (11) and the equations (10) and (6) we obtain immediately for the tensor S S = 2 2 (^*k -Aaw') (w'*k -Aaw),
where the products of the vector-quantities are dyadic and the summations have to be carried out over all states of the electron with positive energy. We get rid of this troublesome restriction to positive energies by writing 
where sp denotes the spur with respect to the spin indices and A , B and C are defined by the relations 
E l e c t r ic d i p o l e t r a n s i t i o n s
Since the expression (13) is independent of k the summation over the directions of j becomes identical with the summation over the directions of J , so th at by equation (12) S X = g L -( S ) | J 1" = (^) | * |a,
where x -J pxdr is the geometrical dipole moment with 137r0 as unit, and (8) denotes the spur of S, th at is, (8) = 2 8jj. In the derivation of equation (24) we make use of the theorem i ee = \I ,
where the bar denotes that we take the average over all directions of the arbitrary unit vector e, and I denotes the unit tensor.
I t follows from equation (24) th at for the dipole case we have to calculate (S). This quantity is obtained from the expression for S by writing scalar products instead of dyadic products and using the fact th a t (/) = 3. This gives
The occurrence of ( k2 -A2)2 in the denominator of the expression on the r side of equation (4) This expression does not contain the azimuthal angle so th at the element of angular integration da) becomes simply 2nd(cosd). Now
and k2 varies from {p -p')2 to (p + p ')2, so th at the integration'over oj is straight forward and gives (27) after some simple modifications based on the energy-momentum relation.
In the limiting case ^-> 0 we have e = 1 + A and e' = 1, so th at equation (27) reduces to , r _ 0 = 47rr2|x|2^-|^ + A j (28) near the threshold of the reaction. On the other hand in the limiting case oo,
The close resemblance of equation (29) to Bohr's formula (Bohr 1915) for the ionization losses of a charged particle should be observed. The function ^/Snrl \ x |2 was calculated for various values of th scattered electron and of the excitation energy A by means of equation (29). The results of these calculations are illustrated in figure 2. 
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Electric quadrupole and magnetic dipole transitions
If we insert from equation (14) into equation (12) we obtain in both the electric quadrupole and the magnetic dipole cases where c = a x b is a unit vector. Inserting this expression into equation (30) we obtain therefore 1 -2S E | P |2 = ((cxk)^(cxk)).
• < r a'
To obtain the average of this expression over the initial orientations of the nucleus we calculate c x k by putting k = (k, 0, 0). 
The quantity ( S)has been calculated above-equation (26). The calculat (kSk) proceeds along similar lines. From equations (23) we have
and therefore after carrying out the reductions similar to those in the dipole case we have .
Substituting from equations (26) and ( Oco for the quadrupole moment corresponding to the transition from the ground state to the first excited state. Substituting from equation (44) into equation (35) we may calculate the cross-section for this process. For cadmium (Z -48) we may compare the value 1*9 MeV for equation (41) with the experimentally observed value 1-3 MeV. This gives us some measure of the validity of the use of the liquid-drop model and the accuracy to be expected from the calculations of the cross-sections based upon the use of this model. For cadmium equation (44) gives r = 0-85 x 10-3 and for a kinetic energy of the scattered electron equal to lOOkV and A = 3-8 it follows from linear interpola tion of the curves of figure 2, that F(e', A) is approximately equal to 10. As a con sequence of equation (35) we find that the corresponding cross-section is of the order 2 x 10~3°cm.2. This is in excess of the value 10~32cm.2 estimated by Collins & Waldmann (1940) for indium but not violently so when we consider the limitations inherent in the use of the liquid-drop model and the assumptions which Collins & Waldmann had to introduce about the efficiency of their counters in deriving the experimental estimate of the cross-section. On the other hand if we use Collins's estimate of the cross-section to calculate the quadrupole moment of the transition with the help of equation (35) we find th at it comes out to be of the order 10-25 cm.2 which is small but within the possible range for this quantity. Moreover there is no reason to believe that the process observed does not correspond to a higher order transition than the electric quadrupole. Indeed the cross-section for electric octupole transitions should be smaller by a factor of order (\31rJR)2 (r0 = Loren R = radius of the nucleus) which in the'case of indium is about 1600 leading to a cross-section in fair agreement with the estimate of Collins & Waldmann.
The other possible experimental test of the theory on the other hand-the experiments on electron-excitation of cadmium by Wiedenbeck (1945)-unfor tunately concerns the region in which Born's approximation breaks down. The general trend, however, of Wiedenbeck's excitation curves may be well understood by means of the above considerations though a direct comparison would require a more detailed theory of the behaviour of the excitation curves near the threshold.
